
y y

+3
0

�1

+2
0

�2

y y



y y

U [0, 1] U ⇠
Uniform(0, 1) X = �� lnU P(X > x) exp(z) = ez

1
�
exp(�x/�)

exp(�x/�)

� exp(��x)

exp(��x)

X1, X2, . . . Xn ⇠
Poisson(n�) � > 0 Yn = Xn

n

Yn �

Yn �

Yn �

Yn ! �

3

1

2

0

b1, b2, b3 2 {0, 1}
p < 1

2

000 111 H0

000 H1 111
1/2

p2(3� 2p)

p2(1� p)

p3

p2

✓ [0, 2⇡]

f✓(✓) =

(
1
2⇡ 0  ✓  2⇡

0 otherwise
.

✓
(X,Y ) X = cos ✓ Y = sin ✓

E[X2]
X Y

1
2

3
4

2
3

1
3

y y



y y
0.01

3% 0% H0

H1

1
3.97

0.99
4.96

1
4.96

0.97
0.99

2520

105

1680

840

X1, X3, X5, X7, . . .
X2i = X2i�1 i 2 N 1

n
(X2

1 +X2
2 + · · ·+X2

n
)

2

8

4

6

y y



y y

X,Y ⇠ N2(
�
0 0

�T
,

✓
1 0
0 1

◆
)

A 2 R2⇥2

✓
X 0

Y 0

◆
= A

✓
X
Y

◆

A = I X 0, Y 0

X 0, Y 0 ⇠ N (0, 1)

D1, D2

E1 : D1 = 2 E2 : D1 +D2 = 7

y y
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P10

Solution: There are overall N ! distinct orderings for N questions. The probability that one student
has a specific ordering is 1

N ! because the order is picked uniformly at random. Fix the order of the
student. Then, the left neighbor has the same order as her/him is P[the left is the same] = 1

N ! , and
the right neighbor has the same order as her/him is P[the left is the same] = 1

N ! . Since the questions
are shu✏ed independently for each student, the probability that at least one of her/his two neighbors
has the same ordering is

1� (1� P[the left is the same])(1� P[the right is the same]) (1)

=1�
✓
1� 1

N !

◆✓
1� 1

N !

◆
=

2

N !
� 1

(N !)2
(2)

P11

Correlation

Solution: We can know cov(X,Y ) = 4, var(X) = var(Y ) = 5. Therefore, we have

corr(X,Y ) =
cov(X,Y )

{var(X)var(Y )}1/2
= 4/5 = 0.8 (3)

Standard normal distribution

Solution: Suppose the mean vector is µ and the the covariance matrix is ⌦, we can infer

✓
X 0

Y 0

◆
= A

✓
X
Y

◆
+ b ⇠ N2(b+Aµ,A⌦AT ) (4)

Therefore, if we want X 0, Y 0 are independent and each standard normal distributed, we should
have

b+Aµ =

✓
0
0

◆
, A⌦AT =

✓
1 0
0 1

◆
(5)

The answers satisfying the equations above are not unique. Here we present two methods:

Method 1: Simply note that

A =

✓
2 1
1 2

◆2

= MMT , (6)

where M =

✓
2 1
1 2

◆
. So it su�ces to take

A = M�1 =
1

3

✓
2 �1
�1 2

◆
, (7)

1



to have A⌦AT = AMMTAT = I. Finally, we set

b =

✓
0
0

◆
�Aµ =

✓
�2/3
1/3

◆
. (8)

Method 2: Since the covariance matrix ⌦ is symmetric and positive semi-definite, the spectral theorem
tells us that we may write ⌦ = CDCT , where D = diag(d1, d2) contains the eigenvalues of ⌦, with
d1 � d2. C is an orthogonal matrix, whose columns C1 and C2 are the eigenvectors corresponding to
the respective eigenvalues.

We can thus compute the eigenvalues of ⌦ are d1 = 9 and d2 = 1, with the corresponding eigen-
vectors C1 = [1/

p
2, 1/

p
2] and C2 = [�1/

p
2, 1/

p
2]. ⌦ can be rewritten as:

⌦ = CDCT =

✓
1/

p
2 �1/

p
2

1/
p
2 1/

p
2

◆✓
9 0
0 1

◆✓
1/

p
2 1/

p
2

�1/
p
2 1/

p
2

◆
(9)

D can be further rewritten as:

D =

✓
3 0
0 1

◆✓
1 0
0 1

◆✓
3 0
0 1

◆
(10)

Since C is orthogonal, CCT = CTC = I. Thus if

A =

✓
1/3 0
0 1

◆
CT =

✓ p
2/6

p
2/6

�
p
2/2

p
2/2

◆
(11)

we can make A⌦AT = I. Accordingly, we can compute

b =

✓
0
0

◆
�Aµ =

✓
�
p
2/6p
2/2

◆
(12)

P13

Solution: Let � > 0. The goal is to show that the sequence of cumulative distribution functions
corresponding to the sequence of random variables {Yn}n�1 converges pointwise to the cumulative
distribution function of the exponential distribution Exponential(�). It is also correct to show the
convergence of the moment generating functions.

Let n 2 N, n � 1 and y � 0. Recall that Xn is drawn from a geometric distribution with success
probability �

n . Thus, we have

P[Yn  y] = P[Xn  n · y] = 1� P[Xn > n · y] = 1� P[Xn > bn · yc] = 1� (1� �

n
)bn·yc.

By noting that lim
n!+1

(1� �
n )

bn·yc = e��y (which can be justified by the squeeze theorem after bounding

the floor operator), we deduce that

lim
n!+1

P[Yn  y] = 1� e��y.

Observing that the right-hand side of the equation above is the cumulative distribution function of
Exponential(�) at y concludes the proof.

P14

part a

solution

suppose Xi is the random variable indicating if a person voted in favor of the proposal. Then the
problem is asking for

P[
100X

i=1

Xi � 70]

2



To use CLT, we should remove the mean and divide by the square root of variance to get a standard
normal random variable Z. The mean of the

P100
i=1 Xi is 50 and the variance is 100�Xi = 25

P[
100X

i=1

Xi � 70] = P[
100X

i=1

Xi � 50 � 20] = P[
P100

i=1 Xi � 50

5
� 4] ⇡ 1� �(4) ⇡ 3⇥ 10�5

part b

solution

In P[ 1n
Pn

i=1 Xi � p+ ✏] we can remove the mean and use Chebyshev or Markov inequality.

P[ 1
n

nX

i=1

Xi � p+ ✏] = P[ 1
n

nX

i=1

Xi � p � ✏]  P[( 1
n

nX

i=1

Xi � p)2 � ✏2] 
E[( 1n

Pn
i=1 Xi � p)2]

✏2

Note that E[( 1n
Pn

i=1 Xi � p)2] is just the variance of the sample average, which is 1
n�Xi =

1
np(1� p)

and for p 2 [0, 1], p(1� p)  0.25. substituting this back to the right-hand side, we prove the result.

part c

solution

The desiderata can be translated to P[| 1n
Pn

i=1 Xi � p|  0.01]  0.95. Hence,

P[| 1
n

nX

i=1

Xi � p|  0.01] = P[
| 1n

Pn
i=1 Xi � p|

q
1
np(1� p)

 0.01q
1
np(1� p)

] = P[
| 1n

Pn
i=1 Xi � p|

q
1
np(1� p)

 0.01
p
n

0.5
]

where 1
np(1� p) is the varaiance of the mean, and we have used the inequality p(1� p)  0.25 again.

Using the CLT approximation like part a, we have:

P[| 1
n

nX

i=1

Xi � p|  0.01] ⇡ P[|Z|  0.02
p
n]

Now knowing that P[Z0.025 < Z < Z0.975] = 0.95, we demand 0.02
p
n � Z0.975 = 1.96 meaning

n � 9604.

P15

Method of moments

Note that in this case, we have two unknown parameters, ↵,�; thus, we compare the first and second
moments. For the first moment, we have

y :=
y1 + y2 + · · ·+ yn

n
=

↵+ �

2
, (13)

and for the second moment, we have

(y1 � y)2 + (y2 � y)2 + · · ·+ (yn � y)2

n
=

(� � ↵)2

12
(14)

We can easily solve the system by observing

� � ↵

2
=

r
3

n
((y1 � y)2 + · · ·+ (yn � y)2), (15)

and hence

↵ = y �
r

3

n
((y1 � y)2 + · · ·+ (yn � y)2) (16)

� = y +

r
3

n
((y1 � y)2 + · · ·+ (yn � y)2). (17)

3



Maximum likelihood

Note that

f(y;↵,�) =

(
1

��↵ ↵  y  �

0 otherwise
. (18)

Thus we have

f(y1, y2, . . . , yn;↵,�) =

(
1

(��↵)n ↵  y1, . . . , yn  �

0 otherwise
. (19)

Therefore, in order to maximize the likelihood, we want to indeed minimize � � ↵ given the condition
↵  y1, . . . , yn  �. Thus the answer is � = max{y1, . . . , yn} and ↵ = min{y1, . . . , yn}.

4



y y

N

y y



y y

y y



y y

X,Y

X, Y ⇠ N2(

✓
1
0

◆
,

✓
5 4
4 5

◆
).

X, Y

A 2 R2⇥2 b 2 R2

✓
X 0

Y 0

◆
= A

✓
X
Y

◆
+ b.

A, b X 0, Y 0 X 0 ⇠ N (0, 1)
Y 0 ⇠ N (0, 1)

y y



y y

y y



y y

y y



y y

X1, X2, . . . Xn ⇠ Geometric(�
n
)

� > 0 Yn = Xn
n

Exponential(�)

limn!1(1 � �

n
)n = e��,

y y



y y

y y



y y

p

p = 0.5
100

p n Xn

P(Xn � p+ ✏)  ✏
2

4n

p n
Xn

n 95% Xn 0.01 p

y y



y y

y y



y y

y y



y y

y1, . . . , yn U(↵,�) ↵ �

↵,�

↵,�

y y



y y

y y



y y

y y



y y

y y



y y

�
n

r

�
=

�
n�1
r�1

�
+
�
n�1
r

�
.

P
r

j=0

�
m

j

��
n

r�j

�
=

�
m+n

r

�
.

(1� x)�n =
P1

i=0

�
n+i�1

i

�
xi, |x| < 1.

limn!1 n�r
�
n

r

�
= 1

r! r 2 N

P(
n[

i=1

Ai) =
nX

r=1

(�1)r+1
X

1i1<i2<...<irn

P(Ai1 \Ai2 \ · · · \Air )

g(X,Y ) (X,Y ) X = x

E[g(X,Y )|X = x] =

(P
y
g(x, y)fY |X(y|x) discrete case

R
g(x, y)fY |X(y|x)dy continuous case

fX(x) > 0 E[|g(X,Y )||X = x] < 1

X Y = g(X) g
g�1

fY (y) = |dg
�1(y)

dy
|fX(g�1(y)).

X MX(t) = E[etX ] t 2 R
MX(t) < 1 Xp⇥1 = (X1, X2, . . . , XP )T MX(t) = E[etTX ]

t 2 RP MX(t) < 1

X ⇠ Np(µ,⌦) Rp ⌦
⌦ p

f(x;µ,⌦) =
1

(2⇡)p/2|⌦|1/2
exp(�1

2
(x� µ)T⌦�1(x� µ)).

X Rm m < p
⌦

X ⇠ Np(µp⇥1,⌦p⇥p) |⌦| > 0 A,B ⇢ {1, . . . , p} |A| = q < p, |B| = r < p
A \ B = ; µA,⌦A ⌦AB q ⇥ 1 µ q ⇥ q q ⇥ r

⌦ A,A⇥A A⇥ B

XA XA ⇠ Nq(µA,⌦A)

XA XB = xB XA|XB = xB ⇠ Nq(µA+⌦AB⌦
�1
B (xB�

µB),⌦A � ⌦AB⌦
�1
B ⌦BA)

Y = g(X) 2 Rn X 2 Rn

(X1, . . . , Xn) ! (Y1 = g1(X1, . . . , Xn), . . . , Yn = gn(X1, . . . , Xn)),

gi hi = g�1
i

J(x1, . . . , xn) 2 Rn⇥n Jij =
@gi

@xj
|J(x1, . . . , xn)| > 0 fX1,...,Xn(x1, . . . , xn) >

0
fY1,...,Yn(y1, . . . , yn) = fX1,...,Xn(x1, . . . , xn)|J(x1, . . . , xn)|�1

x1 = h1(y1, . . . , yn), . . . , xn = hn(y1, . . . , yn)

y y



y y

X1, X2, . . .

Xn X Xn

2�! X limn!1 E[(Xn �X)2] = 0 E[X2],E[X2
n
] <

1
Xn X Xn

P�! X " > 0 limn!1 P(|Xn �X| > ") = 0

Xn X Xn

D�! X limn!1 Fn(X) = F (x) F (x)
F

{Xn}, X {Fn}, F
Mn(t),M(t) 0  |t| < b 0 < a < b Mn(t) ! M(t)

|t|  a n ! 1 Xn

D�! X

x0, y0 X,Y, {Xn}, {Yn}
h x0

Xn

D�! x0 =) Xn

P�! x0,

Xn

P�! x0 =) h(Xn)
P�! h(x0),

Xn

D�! X Yn

P�! y0 =) Xn + Yn

D�! X + y0, XnYn

D�! Xy0.

P(X � a)  E[X]
a

X a > 0

P(|X � E[X]| � a)  var(X)
a2

E[g(X)] � g(E[X]) g

Z1, . . . , Zn E[Zi] = 0
ai  Zi  bi " > 0 t > 0 P(

P
n

i=1 Zi � ")  e�t"
Q

n

i=1 e
t
2(bi�ai)

2
/8.

X1, . . . , Xn ⇠ Bernoulli(p) " > 0 P(|X̄ � p| � ")  2e�2n"2 ,
X̄ = (X1 + · · ·+Xn)/n.

X, Y |E[XY ]| 
p
E[X2]E[Y 2]

E[X2],E[Y 2] < 1 cov(X,Y )2  var(X)var(Y )

✓̂ ✓ MSE(✓̂) = E[(✓̂�✓)2] = var(✓̂)+ b(✓)2

H0 H1

H1 H0

H0 H0

H0

H1

↵

�

O1, . . . , Ok

n = n1 + · · · + nk 1, . . . , k
E1, . . . , Ek Ei > 0 T =

P
k

i=1
(Oi�Ei)

2

Ei

O1, . . . , Ok n p1 =
E1
n
, . . . , pk = Ek

n
T ⇠̇�2

k�1 k�1
P

Ei � 5y y



y y
f0(y), f1(y) Y

Y↵ = {y 2 ⌦ : f1(y)
f0(y)

> t↵} P0(Y 2 Y↵) = ↵ Y↵

P1(Y 2 Y↵) Y 0 P0(Y 2 Y 0)  ↵
Y↵ Y↵ H0

y y



y y

p
P (X = 1) = p

P (X = 0) = 1� p p p(1� p) 1� p+ pet

n, p

P (X = k) =
�
n

k

�
pk(1� p)n�k

k 2 {0, 1, 2, . . . n} np np(1� p) (1� p+ pet)n

p
P (X = k) = (1� p)k�1p

k 2 { } 1
p

1�p

p2

pe
t

1�(1�p)et

(1� p)et < 1

r, p

P (X = x) =
�
x�1
r�1

�
pr(1� p)x�r

x 2 {r, r + 1, r + 2, . . . } r

p

r(1�p)
p2

( pe
t

1�(1�p)et )
r

(1� p)et < 1

w, b, n

P (X = k) =
(wk)(

b
n�k)

(w+b
n )

k 2 {0, 1, 2, . . . , n} µ = nw

b+w

⇣
w+b�n

w+b�1

⌘
nµ

n
(1� µ

n
)

�

P (X = k) = e
��

�
k

k!

k 2 { } � � e�(e
t�1)

a, b

f(x) = 1
b�a

x 2 [a, b] a+b

2
(b�a)2

12
e
tb�e

ta

t(b�a)

(�)
f(x) = �e��x

x 2 (0,1) 1
�

1
�2

�

��t
, t < �

N (µ,�2)

f(x) = 1
�
p
2⇡

e�
(x�µ)2

2�2

x 2 (�1,1) µ �2 etµ+
�2t2

2

�2
n

1
2n/2�(n/2)

xn/2�1e�x/2

x 2 (0,1) n 2n
(1� 2t)�n/2

t < 1/2

y y



y y
�(z)

z

Φ(z)

z < 0 P(Z  z) = �(z) = 1� �(�z) z 2 R

z

y y



y y
�2

⌫

χ
2

ν(p)

p

�2
⌫
(p) ⌫

⌫

y y


